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Abstract 

In this paper, we examine covering graphs that are obtained from 
the d-dimensional integer lattice by adding pendant edges. In the 
case of d = 1 , we show that the Laplacian on the graph has a spectral 
gap and establish a necessary and sufficient condition under which the 
Laplacian has no eigenvalues. In the case of d = 2, we show that there 
exists an arrangement of the pendant edges such that the Laplacian 
has no spectral gap. 



1 Introduction 

1.1 Definitions and examples 

Let G = (V(G),E(G)) be an undirected graph, where V(G) and E(G) are 
the sets of vertices and edges, respectively. We denote an edge that connects 
vertices x and y as an unordered pair {x, y} and write x ~ y if {x, y} G E{G). 
For a vertex x G V(G), we denote the number of edges incident to x as degrc, 
i.e., degx = #{y \ y ~ x}. A vertex x is called an end vertex if degx = 1, 
and an edge that contains an end vertex is called a pendant edge. In this 
paper, we first consider a graph satisfying the following conditions: 

(d) {(n,0) G Z x {0, 1} | n G Z} C V(G) C Z x {0,1} and a vertex 
(n, 0) G V(G) is connected to (n ± 1, 0) G V(G). 

(G2) If (n, 1) G V(G), then (n, 1) is an end vertex connected to (n, 0) and 
deg(n, 0) = 3. If (n, 1) ^ V(G), then deg(n, 0) = 2. 

Such a graph is obtained by adding pendant edges to the one-dimensional 
lattice Z, in which case a vertex n G Z and an end vertex connected to n G Z 
are identified with (n, 0) G ^(G) and (n, 1) G ^(G), respectively. Let 

e 2 {v{G)) = U : v{G) -> c (^|^> < 00 

be the Hilbert space of square summable functions on V(G) with the inner 
product: 

(V#)= ^ ^(x)0(x)degx, ^,0G^ 2 (V(G)). 

xGV(G) 

The transition operator L G is a bounded self-adjoint operator on £ 2 (V(G)) 
denned as 

(L ^)(ar) = J_^;^(y) J ^g£ 2 (V(G)). 

degx ^^ 



We are interested in the spectrum a(— A G ) of the (negative) Laplacian —A G 
defined by — A^ = 1 — L G . From the spectral mapping theorem, we know 
that a(-A G ) = {l-l\l e o(L G )} and that a p (-A G ) = {l-l \ I G a p (L G )}, 
where cr p (L) denotes the set of eigenvalues of the operator L. Hence, we know 
that L G has a spectral gap (resp. an eigenvalue) if and only if —A G has a 
spectral gap (resp. an eigenvalue). In this paper, we consider the spectrum 
a(L G ) of the transition operator L G . 

A trivial example of a graph G with properties (Gi) and (G2) is the one 
dimensional lattice Z, i.e. G has no pendant edges. It is well known and 
easy to show that o[L-£) = [—1, 1] and that Li has no eigenvalues. 

Adding a single pendant edge to each vertex of the lattice Z, we obtain a 
graph G± t i such that V(Gi,i) = Z x {0, 1} (see Figure [TJ where we denote a 
vertex identified with an integer and an end vertex by O an d A, respectively). 
Gi t \ satisfies properties (Gi) and (G2). Simple calculations establish that 



<?(L Gltl ] 



1 
4 '-3 



u 



1 

3' 1 



and that L G has no eigenvalues. In particular, L Gll has a spectral gap. 
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Figure 1: Graph G^i. 

In what follows, we consider a graph G 2 ,i whose pendant edges are connected 
to alternate vertices of Z: V(G 2j i) = {(n, 0) | n e Z} U {(2n + 1, 1) | n e Z} 
(see Figure [2]). G 2 ,i satisfies (Gi) and (G 2 ). Simple calculations show that 
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and that is an eigenvalue of L G21 . Hence, L G21 has a spectral gap and a 
zero eigenvalue. 
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Figure 2: Graph G 2 ,i. 

We note that graphs G such as G\^ = Z, Gi : i and G 2 ,i have the following 
periodicity: 

(G3) There exists a number rGN such that 

[n + r, 1) G V{G) if and only if (n, 1) 6 7(G). (1.1) 

We use £f to denote the set of graphs that satisfy conditions (Gi) - (G3). Each 
graph G G £f is a covering graph. The spectral properties of the Laplacian 
on general covering graphs are reported in [2]. In this paper, we focus on the 
covering graphs G G £f and investigate the spectrum of Lq in detail. Give an 
nGN and r satisfying fll.ll) . we define the following subset of V(G), which 
we call a cell of G: 

7 n , r (G) = {(n + m, s) G V(G) \ m = 0, 1, • • • , r - 1, s = 0, 1}. 

We note that the following relationships hold: 

V(G) = |J 7 nr , r (G), 7 nr , r (G) n 7 mr , r (G) = (n ^ m). 

nGZ 

We use s(r) to denote the number of end vertices in the cell Vi tT (G) : 

s(r) = #{(n,l)G7(G)|n=l,2,.-.,r}. 

For instance, we have r(Gi i o) = 1, s(G i t o) = 0; r(Gi ) i) = 1, s(Gi ( i) = 1 and 
r(G 2il ) = 2, s(G 2)1 ) = 1. 

We say that G and if are isomorphic and write this as G ~ H if there 
exists a bijection : V{G) — > V{H) such that <f>(x) ~ 0(y) if and only if 
x ~ y. For any graphs G, H G ^, G ~ H holds if and only if there exists a 
number r satisfying (II. ip for both G and if such that Vi >r (G) = V n , r (H) for 
some n G Z. If G ~ ii, then a(L G ) = a(L H )- 

A graph G G £f is uniquely determined (up to isomorphism) by the num- 
ber s{r) of (n, 1) G Vi )7 .(G) and the arrangement of (n, 1) G Vi jr (G). In par- 
ticular, the graph G £ & with s(l) = 1 has a single end vertex (1, 1) G 7(G) 
in the cell 7i,i(G), and hence G = Gi ; i. A graph G & ^ with s(2) = 1 has 
a single end vertex (n, 1) G V(G) in the cell Vj.,2 (G); hence, G is isomorphic 
to G2,i- Similarly, for any r G N we can define a graph G rj x G 5f that has a 
single end vertex (n, 1) G 7(G) in the cell 7i i? .(G). Clearly, G r> i is uniquely 
determined up to isomorphism. For any r G N, we can define a graph G rjr ._i 
such that s(r) = r — 1, i.e. the number of end vertices (n,l) G 7(G) in the 
cell 7i >r .(G) is equal to r — 1. 



On the other hand, in the case where s(r) ^ 1 or s(r) ^ r — 1, there 
are a variety of graphs that are not isomorphic to each other. In general, 
for two graphs G and G which are not isomorphic to each other, we cannot 
expect that ct(Lg) = ct(Lq). For instance, assuming r = 4 and s(r) = 2, we 
have two different graphs as follows: 1) if the end vertices (n, 1) G Vi^iG^) 
are connected to alternate vertices, then the graph G^ 2 G *& is isomorphic to 
G 2 a, and 2) the graph G 4i2 G ^ with end vertices (1, 1) and (2, 1) G Vi^Cr^) 
satisfies s(4) = 2 but is not isomorphic to G^.i- See Figures [3] and HI 
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Figure 3: Graph G 4i2 G 3f has end vertices (1, 1) and (3, 1) G V\^{G^2). 
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Figure 4: Graph G 4i2 G 3f has end vertices (1, 1) and (2, 1) G V\ A {G^2). 

As we shall see later, the spectra of Lq 2 i and Lq 4 2 are different. In particular, 
L G21 has zero as an eigenvalue whereas L Gi2 has no eigenvalue. 



1.2 Results 

Let *&- x = ^ \ {Z}. We first identify spectral properties of Lg that hold for 
all graphs Ge^ x . 

Theorem 1.1. Let G G 5f x - Then the following hold: 

(1) o[Lq) C [—1, 1] is symmetric with respect to zero. 

(2) There exists a constant e > such that 

(-e,0)U(0,e)cp(L G ), 
where p(La) denotes the resolvent set of Lq- 



(3) There is no eigenvalue in a(L G ) \ {0}. 

We will prove Theorem II .11 in Section [3J here we will make two comments 
about the theorem: (i) The symmetry of <j(Lc) with respect to zero in The- 
orem [Tj] (1) comes from the bipartiteness of G G <£ . If we remove condition 
(G2) from the assumptions of Theorem II. 1[ (1) will not hold true in general, 
as shown in Figure 



Figure 5: Let G be a graph satisfying (Gi) and (G3) with r = 2 and suppose 
that s(2) = 1, deg(n, 0) = 3, and (1,1) G Vi^iG) is connected to vertices 
(1,0) and (2,0). Then (G 2 ) does not hold. We observe that 1 G a(L G ), but 
—1 ^ <j(Lc)'i hence, Theorem ll.il (1) does not hold. 

(ii) Theorem 11.11 (2) implies that for all graphs G6^ X) Lq has a spectral 
gap around zero. The situation is different from the two-dimensional case. In 
Section [51 we will prove the following for graphs obtained from Z 2 by adding 
pendant edges: 

(a) there is an arrangement of pendant edges such that the Laplacian has 
no spectral gap (Theorem 15.11 (a)): 

(b) there is an arrangement of pendant edges such that the Laplacian has 
a spectral gap (Theorem 15.11 (b)). 

In a companion paper j3], we study graphs obtained from the hexagonal lat- 
tice by adding pendant edges and establish results similar to that mentioned 
above. We believe that the spectra of the Laplacians on such graphs are 
related to the electronic structure of hydrogenated graphenes and graphane; 
see pQ for details. 

Subsequently, we introduce a decomposition of the cells of a graph G in 
order to formulate the condition under which Lq has an eigenvalue. From 
Theorem ll.il (3). we know that only the zero eigenvalue can exist: if it exists, 
then it is an isolated eigenvalue of Lq. For any r satisfying ( II. ip . we define 

U r {G) = {(n, 0) G V ltT {G) I (n, 1) G* V 1>r (G)}. 

Without loss of generality, we can assume that (1, 1) G Vi tr (G) because there 
exists a graph G isomorphic to G such that (1, 1) G Vi >r (G). Letting p{r) = 
#U r (G), we can write 

?7 r (G) = {(m,0),(n 3 ,0),--.,(np (r) ,0)} 



with 1 < rii < n 2 < ■ ■ ■ < TipM- Then there exist a p(r) with 1 < p(r) < p(r) 
and li, I2, ■ ■ ■ , l p ( r ) > 1 such that U r (G) can be decomposed into the connected 
subgraphs U (i = 1, 2, • • • ,p(r)): 



p(r) 

C/ r (G) = |J U u 
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mt+i -m t >l, t = y^Jj, i = 1,2, ••• ,p(r) - 1 

i=i 

and Y^=i^i = P( r )- See Figure [6] for an example. We use •, O and A 
to denote the vertices (n, 0) G U r (G), (n, 0) ^ t/ r (G) and (n, 1) G V"i jT .(G), 
respectively. Clearly, this decomposition is unique. 



^,r(G) 




Figure 6: Let G G ^ satisfy <^3) with r = 6, and let (1, 1), (5, 1) G V lfi (Gf) be 
the end vertices of G. Then the decomposition of Uq(G) is Uq(G) = U\ U t/2 
with tfi = {(2, 0), (3, 0), (4, 0)} and U 2 = {(6, 0)}. 

We have the following theorem: 

Theorem 1.2. Let Ge^ x and let U r (G) = Uf=i Ui be the decomposition 
defined in (II. 2p . Then zero is an eigenvalue of Lq if and only if there exists 
an i G {1, 2, • • • ,p(r)} such that U = #U is odd. 



We will prove Theorem 11.21 in Subsection 18.31 

Because, by virtue of (G3), Lq is translation invariant for any G G £f , we 
can produce more detailed information about the spectrum of Lq- For an r 

that satisfies flU]), we define the operator T r : £ 2 (V(G)) — > £ 2 (V(G)) as 

(T^)(n, S ) = Hr r (n,s)), V e ^WG))> 

where T r (n,s) = (n + r,s). We can show that L^ commutes with T r , i.e. 
[L G ,T r ] = because for any ip G £ 2 (y(G)), 

(T r Lc^)(n,s) = W)(r r (n, a )) = d * £ V(v) 

j/~T r (n,s) 

= (L G T r ip)(n,s), 

where we have used the fact that deg(r r (n, s)) = deg(n, s) and set y = r r (y). 
Let X r {G) = {(n,0) G Vi, r (G) | (n, 0) £ C/ r (G)} and set 

X r (G) = {(zi,0),(z2,0),-",(i a(r ),0)}, ii<»2<---<* 8 (r)- (1-4) 

As mentioned above, we can assume that i-y — 1 without loss of generality. 
We define an identification 1 : V(G) — > Z x {1, 2, • • • , r + s(r)} with 

J(n,j) if j = l,-- ,r and s = 0, 

t(nr + j, s) = < 

I (n, r + p) if j = i p , p = 1, 2, ■ ■ • , s(r) and s = 1. 

for (nr + j, s) G F nrir (G), and we define a unitary operator J : £ 2 (V(G)) — !> 
£ 2 (Z-C r+s{r) ) as 

/ ^i(n) 
G7V0(») = : 

with ^j(n) = ?/>(t _1 (n, i)) (i = 1,2, •■■ ,r + s(r)). The inner product of 

£ 2 {Z-£ r+s(r) ) is 



WW) ■= ^2W(n),DJcf>(n)) 



(Qr + s(r) 



with D = diag(di, d 2 , ■ ■ ■ , d r+s ^) and 

di = deg(t _1 (n, i)), i = 1, ■ ■ • , r + s(r). 



Note that di is independent of n G Z because if t 1 (n, i) = (nr + j, s), then 
r\n + l,i) = ((n + l)r + j, s) = r r (W + j, s). Let T : £ 2 (Z; C +fl M) — ► 
L 2 ([— 7r,7r];C r+s ^) be the discrete Fourier transformation: 



(TJ^)(k) 



( Mk) \ 



\$ r+s{r )(k)J 



, ke[-if,if] 



where f(k) = (2ir) 1 ' 2 '^2nez e lkn f( n )- We define the quasi momentum op- 
erator P as 

where M g ^) denotes the multiplication operator by a function g(k) on L 2 {\— if, if]] C r+S ( r >) 
Clearly, we have o~(P) = [— if, if]. We have the following lemma: 

Lemma 1.3. Let r satisfy ( II. ip . Then T r = e lP . 

Proof. Since we know from the functional calculus that e lP = (J r J')~ l M e ik (J 7 J), 
it suffices to prove that (FJ)T r = M e ik(FJ). Because 

j%{k) = (2if)- 1 / 2 J2 e ' ik(n ~ 1) ^( n ) = ikf+i)(k), 



nez 



we have 



/ 



^i(- + l)(fc) 



\ 



(FJT r i/j)(k), 



(M eih (FJ)^)(k) = 

\ip r+s{r) (- + l)(k)) 

where we have used the following: 

^ i (n + l)='0(t" 1 (n + l,z)) 

ip((n+l)r + j,0), i=j(j = l,---,r) 

i){(n + l)r + j, 1), i = r +p (j = i p , p = 1, ■ ■ ■ , s(r)) 

and 

i/j((n + l)r + j,s) = tp(r r (nr + j,s)) = (T r ip) (nr + j , s) = (T r tp)i(n). 



D 



From Lemma [1.3 1 we know that T r is diagonalized by U := (FJ)~ l and 
a(T r ) = {e lk | k G [—if, if]}. These facts imply that U can decompose L G into 
a direct integral over the spectrum [—if, if] of the quasi momentum operator 
P: 
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Proposition 1.4. Let Ge^ and let r satisfy ( ll.ip . Then we have 

U- l L G U= I L k dk, (1.5) 

./ [— 7T,7r] 

where L^ is an operator on % = C r+S ^ (k G [— 7T, it]) and 

trt 2 (V(G)) = / H k dk. 

J [ — 7T,7r] 

In Subsetion l2.1l we provide an explicit formula for L& in Proposition II .41 
Let r satisfy (II. ip and U r (G) = (Jf=i ^ De the decomposition in (11.21) . Then 
we use g(r) to denote the number of the Ui for which Zj = jj^Ui is odd: 

?(0 = #{Ui | fc is odd}. (1.6) 

Proposition 1.5. Let r satisfy (11. ip . Then 

g(r) = dimker Lfc (1.7) 

for any fc G [— 7T, 7r]. 



From Proposition [T3], we know that the multiplicity of the zero eigenvalue 
of Lfc is independent of k G [— n, n] and equal to q(r). Thus, we know that 
there are at most r + s(r) — q(r) non-zero eigenvalues of Lk- Let Aj(fc) 
(i = 1, 2, • • • , r + s(r) — g(r)) be the non-zero eigenvalues of Lj, such that 

Ai(fc) > A 2 (/c) > > A r+s(r .)_ ? ( r )(A;). 

Note that 

r+s(r)— q(r) 

a(L G )\{0}= \J {A,(A;)|A;G[-7r,7r]}. (1.8) 

i=i 

Because the number of end vertices equals the number of vertices connected 
to end vertices, q(r) is even (resp. odd) if r + s(r) is even (resp. odd). Hence 
we know that r + s(r) — q(r) is always even. Thus, we can define t(r) G N as 

t(r) = -(r + s(r)-q(r)). (1.9) 

We are now in a position to state our main result. 
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Theorem 1.6. Let Gg^ x and A;(fc) (i = 1,2, 
given above. Then 

t(r) 



r + s(r) — q(r)) be as 



a(L G )\{0} = \J[a u b l ]U[-b l 



i=l 



where 



XiM if i is odd 



Aj(0) if % is odd 
Aj(0) if % is even ' | Adit) if z is even 

for i = 1, • • • , t(r). 

This theorem has the following corollary: 

Corollary 1.7. Let G G ^ x . Then u{L G ) has at least one and at most 
2t(r) — 1(= r + s(r) — q{r)) spectral gaps. 

This corollary provides an estimate of the number of spectral gaps. It 
remains an open problem to determine the exact number of spectral gaps. 

The rest of this paper is organized as follows. In Section 2, we present 
the proof of Proposition 11.41 with the explicit formula for L^ and derive the 
characteristic equation for L^. In Section 3, we prove Proposition 11.51 parts 
(1) and (2) of Theorem 1 1 . 1 1 and Theorem 1 1.2 1 In Section 4, we prove Theorem 
11.61 and part (3) of Theorem 11.11 



2 Characteristic equation 



In subsequent sections, unless otherwise specified, we take it for granted that 
Ge^ x . 



2.1 Decomposition of the transition operator 

In this subsection, we prove Proposition 11.41 By definition, we know that 

( i(Vr(n-l)+^(n) + ^(n)) \ 



(JL G rP)(n) 



I (L G ip)x(n) \ 
\(L G ilj) r+s{r) (n)J 



^y VV-2W + if> r {n) + (f> r -i(n)) 

J-(Vv-i(n) H- t/jx(n + 1) + r (n)) 



Ai ( n ) 



i>i s (r)( n ) 
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where 

<f>i(n) 

Hence, we have 



0, i^ip 



P= 1,2, ■•• ,s(r) 



(FJL G ^)(k) 



where 



with 



£(&(*) + &(*) + &(*)) 

dtl(tpr-2(k) + Mk) + 4> r -l(k)) 

Ai(fc) 

As(r) (k) 



L\\ 1/12 
L>21 L22 



L k (FJiP)(k), 



I 



Lu 



1 



d 2 





\~d7 
' 

1 



j 2 2 



\ 



dr+2 









1 

dr + 1 





^\ 





1 

dr-1 



\ 





1 







1 



-V+s(r) — 1 



a T- + s(r) 







/ 



Here L 
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ipi.j) and L 2 i = (cij) are given by 

i, i = i p , j = p, p = !,■■■ ,s(r) 
0, otherwise, 

3^-, i = p,j = i p , p=l,...,s(r) 

0, otherwise. 



fc M 



'j 



(2.i; 



(2.2) 



(2.3) 



(2.4) 
(2.5) 
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Thus, we know that IA~ 1 L G U ■ (W -: V)(/c) = Lk(U~ 1 ip)(k), which establishes 
Proposition 11.41 

We conclude this subsection with the following lemma: 

Lemma 2.1. Let k = 0. Then L is a stochastic matrix, i.e. the elements 
of L Q are all nonnegative and the sum of each row (resp. column) of L is 1. 

2.2 Characteristic equation 

Let 

U- l L G U= I L k dk 



be the decomposition in (11. 5p . In this subsection, we investigate the charac- 
teristic polynomial for L k and prove the following: 

Proposition 2.2. Let Ge^. Then there exist a positive constant v4( r + s (r)-*)/2 
and nonnegative constants A m (m = 0, 1, 2, . . . , (r + s(r) — *)/2 — 1) inde- 
pendent of k G [—7r, 7r] such that A = X(k) is an eigenvalue of Lk if and only 
if 

(r+s(r)-*)/2 

^ A m A 2m+ * - 2(cos A;)A s(r) = 0, (2.6) 

m=0 

where 

0, if r + s(r) is even, 

1, if r + s(r) is odd. 

In this proposition, r + s(r) — * is always even; hence, (r + s(r) — 
*)/2 G N. To prove this proposition, we introduce a directed weighted 
graph Gk = (V(Gk), A(Gk)) for L\. as follows. We use the ordered pair 
[x, y] of two vertices x and y to denote the directed edge whose initial and 
terminal vertices are x and y, respectively. The set of vertices V(Gk) of 
Gk is V{Gk) = {1, 2, ■ ■ • ,r + s(r)} and the set of directed edges of Gk is 
A(Gk) = {[i, i'\ | i ~ i 1 , i, i' G V(Gfe)}, where z ~ %' if i and z' satisfy one of 
the following three conditions: 

(a) There exists an n such that i~ l (n,i) ~ L~ l (n,i') as vertices of G. 

(b) (M') — (l) r ) or (hi') — ( r )l)- 

(c) i = i' i = 1, 2, ■ ■ • , r + s(r). 
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Note that in the case of (c), the edge [i,i] is a loop. We define the weight 
a^ii of the edge [i, i'\ as 



' —diX if i = i', 
1 if i~ x (n, i) ~ t~ x (n, i') 



O'iA' — \ 



,ik 



u 



-ik 



if(z,i') = (r,l), 
ti(i,i') = (l,r) 



with A 6 C. As a notational convention, we set a^y = if [i, i'\ (jL A(G k ). We 
define square matrices of order r + s(r) by 

A k (X) = A k -XD, AG C, 

where A k = (a iti i) and D = diag(di, • • • ,d r + s (r))- We observe that from 
direct calculation, 

A k (X) = (a M /). 

We now establish 

Lemma 2.3. A is an eigenvalue of L k if and only if A k (X) has a zero eigen- 
value. 



Proof. Since DL k — A k , we have 

A k (X) = D(L k -X). 



(2.1 



X is an eigenvalue of L k if and only if det(L k — A) = 0. Because D is invertible 
and det(Lfc — A) = det(-D -1 ) ■ &et(A k (X)), we have the desired result. D 



From Lemma 12. 3[ we know that the solution of the equation 

det(A fc (A)) = 
is an eigenvalue of L k . Note that 

det(A fc (A)) = ^ A CT , 



(2.9) 



aG6 



r + s(r) 



where (3 n denotes the set of all permutations of degree n and 

r+s(r) 

A a = sgn(or) Oi,ff(i), o-e6 r+s(r) . 
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For a G <3 r+s ( r ), there exist integers 1 < n < r + s(r) and rij > 1 
(j — 1, • ■ ■ , n) such that r + s(r) = Y^l=i f^j anc ^ 

* = (iiV-,&^--(4 B \ •••,#>), (2-10) 

where, for //j > 2, (z^ , ■ • • , ifij) denotes a cycle such that if , • ■ ■ , z'/f/ satisfy 

<r(i? ) )=t? ) , <r(tW) = i 3 W,... j( r(tg r )) = <W 
and for /i^ = 1, cr(4 ) = ij . For a G © r+s ( r ), we define n disjoint graphs 

V(G?) = {iP,-,i% ) }, A(G?) = {[i v Mi»)]\'' = l,--- ,&}■ (2.H) 

We say that a finite directed graph H = (V(H), E(H)) with vertices V(H) = 
{hi, • ■ ■ , h m } is a cycle of length m if 

A(iJ) = {[/ il ,/ i2 ],[/i 2 ,/ i3 ],---,[/i m >i]}. 

In particular, we call a cycle of length 1 a loop. We use HiClH 2 to denote the 
disjoint union of two disjoint graphs Hi and H 2 , i.e. a graph whose vertices 
and edges are V(H 1 \JH 2 ) = V(Hi)UV(H 2 ) and A{H X \JH 2 ) = A{H X )\JA(H 2 ), 
respectively. We say that if is a spanning subgraph of G if V(H) = V(G) 
and A(H) C A(G). From definition, we know that G k (j = 1, ■ ■ • , w) are 
cycles, and if //j = 1, then Gjjr is a loop. Because r + s(r) = X)j=i/Aj and 

the graphs G k j) (j = 1, 2, • • • , n) are disjoint, we have V{G k ) = U] =1 V(G ( k j) ). 
Thus, we know that each a G & r+s ( r ) corresponds to a disjoint union G a = 
G^U • • • UG { k n) with G k j) defined by (F2~TB . Let % be the set of graphs G 
that satisfy V(G) = V(Gk)- Then we define a map G; : 6 r +s(r) — > ^k as 

Q(cr) = G a , a G 6 r+s(r) . 

From its construction, the map Q is injective. Conversely, we suppose that 
disjoint graphs G k (j ' = 1, 2, • • • , n) are cycles with vertices {if , ■ ■ ■ , i/f/ } C 

Wi'i. ..i'i/c( n ) 



V((jfe) such that r + s(r) = ^. =1 /Uy. Then the disjoint union G k 0- ■ ■ UG 



A- 



y&> 



satisfies V(Gk) = U™ =1 V(GJ£ ). Let cr g <3 r+s ( r ) be a permutation defined by 

(|2~T0|) . Then we have Q(a) = G CT = G^U • • • UG k n) . Hence, we know that Q 
is bijective. The following lemma also holds: 

Lemma 2.4. Let a G © r+s ( r ), A a and G CT = GJ, U ■ ■ ■ 0G k be as above. 
Then A a ^ if and only if G a is a spanning subgraph of G k . 
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Proof. It is clear that A a ^ if and only if ai >er r{\ 7^ for any i G {1,2, ■•• ,r + 
s(r)}. Because, by definition, Oj )Cr (j) 7^ if and only if [«, cr(z)] G v4(G fc ), we 
have the desired result. □ 



We can now present the 

Proof of Proposition \2.2l By virtue of Lemma I2.4[ it suffices to consider the 
case where G a — G k U • • • 0G k is a spanning subgraph of G k - 
Let H k be a cycle given by 

V(H k ) = {1, 2, • • • , r}, A(H k ) = {[1, 2], [2, 3], • • • , [r, 1]} 

We first consider a spanning subgraph Gj. U • • • 0G k of G k that includes a 
cycle H k . Without loss of generality, we can set H k — G k . In this case, 
G k (j > 2) cannot be cycles of length greater than 2 because V(G k ) C 
{r + 1, • • • , r + s(r)}. Hence, we observe that n = s(r) + 1 and G k 
(j = 1, • • • ,s(r)) are loops with V(G k ) = {r + j}. Let cr + G & r+s ( r ) 
be the permutation such that G u+ = G k X) ■ ■ ■ UG^ s(r)+1) with G k j) (j = 
1, • • ■ , s(r) + 1) as mentioned above. Then we have cr+(l) = 2, cr + (2) = 3, 
• - ■ , <7 + (r) = 1 and 

r 

|aj,<j+(j) = e J . 

8=1 

Because cr + (z) = z holds for r + 1 < i < r + s(r), we obtain 

r+s(r) 

J] a^ +(0 = (-A) S W. 

i=r+l 

Note that sgn<r + = (— l) r_1 since the length of the cycle H k is r. Thus, we 
have 

A a+ = {-iy-\-\y^ e ik . 

Similarly, we set cr_ G & r+s M such that G cr _ = G k ■ ■ ■ GG k with G k 

replaced by H' k , where H' k is a cycle given by 

V(H' k ) = {1, 2, • • • , r}, A(#i) = {[1, r], [r, r - 1], • • • , [2, 1]}. 

Then we have 

A a _ = (-l) r - 1 (-A) s(r) e" lfc . 

Hence, we also have 

A a+ + A a _ = 2(-l) r+s(r) ~ 1 (cosk)\ s{r) . (2.12) 
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Note that H& (resp. H' k ) is the only cycle of length greater than 3 that 
contains [l,r] (resp. [r, 1]); a cycle H of length 2 that contains [l,r] or [r, 1] 
is given by 

V(H ) = {l,r}, A(H) = {[l,r],[r,l]}. 

Hence, we know that if A a depends on k e [— n, it], then the edges A{G a ) of 
the spanning subgraph G a includes either H k or H' k . Let 

&' r +s(r) = W e 6 r+s(r) | or(l) = r, a(r) = 1}. 

From the argument presented above, we have 

{a E & r+s (r) | o-(l) = r or <r(r) = 1} = 6^. +s(r) U {a + ,a^}. 

Next we consider a cycle whose edges include both [l,r] and [r, 1]. The 
cycle H defined above is the only cycle that includes both [l,r] and [r, 1]. 
We set Crjj. = iJ - Let G k (j — 2, ■ • • , n) be disjoint cycles and assume that 
G := H(o)OG\. U • ■ • UG). is a spanning subgraph of Gk- Because there is 
no cycle of length grater than 3 that does not include edges [l,r] and [r, 1], 
the length of each G k (j — 2, • • ■ ,n) is at most 2. We now claim that the 
number of loops included in the spanning subgraph G is even if r + s(r) is 
even. Note that if r + s(r) is even, then #V(Gk)\V(H Q ) = r + s(r) — 2, which 
is even. If the spanning subgraph G has 2u + 1 loops, then cycles of length 
at most 2 must be constructed from the remaining r + s(r) — 2 — (2m + 1) 
vertices. Because r + s(r) — 2 — (2m + 1) is odd, these cycles include an odd 
number of loops. Thus, the claim is proven. Similarly, we can prove that 
the number of loops included in the spanning subgraph G is odd if r + s(r) 
is odd. Let 2m + * (0 < m < (r + s(r) — 2 — *)/2) be the number of loops 
included in the spanning subgraph G, where * is defined as given in (12 .7|) . 
Then the number of cycles of length 2 included in the spanning subgraph G 
is (r + s(r) — (2m + *))/2. Let a^ be the permutation which corresponds to 
G. Then a d E G r+s{r) and we have sgna^ = (-l) 1 +(H-«W-(2m+*))/2 - Because 
(7^(1) = r and crg(r) = 1, it follows that ai )(T . a T ,a- = e~ lk -e lk = 1. Hence, 
we can write 

(r+s(r)-2-*)/2 
X) 4,= ^ £ m (_ A )2m+* ( _ 1) (r+ S (r-)-(2m+*))/2 

crG6' , , m=0 

(r+s(r)-2-*)/2 

^ S m (-l)^+ s W+*- 2 " 1 )/2 A 2m+* ( 2 _ 13 ) 

m=0 

with constants 5 m > that are independent of k G [— 7T, 7r]. 
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Let us calculate A a for a G & r+s ( r ) such that a ^ & r+s i r \ and <j 7^ 
a±. In this case, we have cr(l) 7^ r and cr(r) 7^ 1. By reasoning similar 
to that mentioned above, we can assume that there are 2m + * loops and 
(r + s(r) — (2m + *))/2 cycles of length 2 in the spanning subgraph that 
corresponds to a, where < m < (r + s(r) — *)/2. Hence, we obtain 

(r+s(r-)-*)/2 
J2 K = J2 (7m( _ A) 2 TO+ * ( _ 1) (r+ S (r)-(2m+*))/2 

<T:£r(l)^r,cT(r)^l m=0 

(r+s(r)-*)/2 

^ (7m (_ 1 )(r+ S (r-)+*-2m)/2 A 2m+* ^.U) 

m=0 

with C m > independent of k G [— n, n]. We observe that 

C(r+s(r)-*)/2 = rfj > (2.15) 

i=l 

because the cycles included in the corresponding spanning subgraph are 
loops. 

From ( EHZD , fT2TT3|l and (ETI3) . we have 



/ J A a = C( r+s ( r )_*)/ 2 (— i)*A r+s(r) 



(r+s(r)-2-*)/2 

+ 2(-l) r+s(r) " 1 (cosA;)A s(r) 

Based on Lemma 12.31 and (12. 9p , we know that A is an eigenvalue of L^ if and 
only if 

/~i \r+s(r) 

(r+s(r)-2-*)/2 

+ J^ (-l)-*+( r+s M+*- 2 ™)/ 2 (£ m + C m )A 2m+ * 

■m=0 

- 2(-l)-* +r+s(r) (cosfc)A s(r) = 0. 
Let A(r+ s (r)-*)/2 = C( r+s ( r )_^)/2 and 
An = (_l)(H-»(r)-2m-wr)/2 (5m + C r TO)j < m < (r + 5 (r) -2 -*)/2. (2.16) 

From (I2.15p . we know that i4.( r+a ( r )_*)/2 is strictly positive. Since — *+r + s(r) 
is always even and (— i)-*+ r + s ( r ) = 1 ; Proposition 12.21 is proven. D 
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2.3 Lowest degree of the characteristic polynomial 

In this subsection, we prove the following proposition: 

Proposition 2.5. Let A m be as in Proposition 12.21 and let q(r) be defined 
by ( II. 6p . Then the following holds: 

q(r) = inf{2m + * \ A m ^ 0}. 

To prove this proposition, let U r (G) = Uf=i Ui, where 

Ui = { (m 1+E i-i , . , o) , (m 2+E j-i tj , o) , • ■ • , (m E , =i , . , o) } 

is the decomposition defined in ( II. 2p and (jl.3|) . Then we define a correspond- 
ing decomposition for G& by 



a* = u ^ 

where 



p(r) 

(<) 

k i 



For each [/£ , we define cycles Ka whose vertices are included in U% as 
follows: If JfUfr = #Ui is even, then we set 

V{K®) = {m 2a _ 1+E i-i, 3 .,m 2a+E «- li , i } ! 1 < a < m^ =il ./2. 

If #?/W = ##. is odd, then we define a loop K[ i] with V (#?) = {m, , ™-i , . } 
and cycles ifi of length 2 with 

V{K®) = {m 2Q+E i-i j. , m 1+2Q+E i-i j.}, 1 < a < (m E j =1 ^ - l)/2. 

Let 1 = ii < %2 < ■ ■ • < i s (r) be as in (11.41) . Then, by definition, we know 
that ij $. Uk and 

[ij,r + j],[r + j,ij] e A(G k ), j = 1, • ■ ■ ,s(r). 
We define cycles Hjf' (j — 1, ■ • • , s(r)) of length 2 with 

V(2#>) = {»i,r + i}, A(HJp) = {[i^r + jlir + jjj]}. 
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Since V(Gk) \ (UjV(Hj£ )) = Uk, we have a spanning graph 

K = (\jH^y (y^A. (2.17) 

By definition, K has exactly q(r) loops. In general, K is not a unique span- 
ning subgraph of Gk that has exactly q(r) loops. Indeed, if q(r) > 1, then 
we can construct such a spanning subgraph of Gk as follows: Since q{r) > 1, 
there is a number io such that #t/^ is odd. Hence, by definition, K± is 
a loop with the vertex m 1+ yi-i t ,. Then there is a cycle H k 30 with vertices 
ij , r + jo such that 

[ij ,m 1+E i-i,J e^l(G fc ). 

Hence, we can define a spanning subgraph if with exactly q(r) loops by 

VjVio / \(i,a)^(io,l) / 

where M is the disjoint union of a loop with vertex r + jo an d a cycle with 
vertices ij and m 1+ y-;-i r . 
Let 

Since g(r) — * is always even, we know that tuq is a nonnegative integer. In 
particular, m = if q(r) = or q(r) = 1. We shall now prove 

Lemma 2.6. The following hold: 

(a) If q(r) =0, then \A \ = 1. 

(b) If q{r) > 1, then |A mo | > 2. 
In particular, we have 

inf{2m + * | A m ^ 0} < g(r). (2.18) 

Proof. Let a^ denote the absolute value of the coefficient of A a . Then for 
any spanning subgraph K of Gk which has exactly q(r) loops, we have A a . = 
(sgncr i ^)a cr -,A^ r ). We assume that a^- ^ a± if q(r) = s(r). Because every K 
has the same number of cycles of length 2 as K, we know that a^ = o~k- 
Hence we have \A mo \ = ^A' a °-~.- 
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To prove (a), we assume that q(r) = 0. Then j^U k is even for i = 
1, • • • ,p(r) and all disjoint subgraphs included in K are cycles of length 2. 
Since all the spanning subgraphs of Gk that do not have loops include H k 
(j = 1, • ■ • ,s(r)), if is a unique spanning subgraph of Gk without loops. 
Hence \A \ = a aK = 1. 

To prove (b), we assume that q(r) > 1. Then, as mentioned above, K and 
if' have exactly q(r) loops. We know a aK > 2, because K^ ' is the loop with 
the vertex m 1+ v-v*-i ;. anddegm 1+ y«-i f . = 2. Hence, |An | > a aK +a aR/ > 2. 

Because q(r) = 2m + *, (12.1 8p is obtained from (a) and (b). □ 

We use K,({M^}f =1 ) to denote the set of all spanning subgraphs of Gk 
that include disjoint graphs Af^ (i = 1, • • • , s). Let q(G) be the number of 
loops included in a spanning subgraph G oi Gk- For any spanning subgraph 
G in /C({if^ }*=]), the lengths of the cycles included in G are all less than 

or equal to 2 because [1, r + 1] G A(H k '). Hence, q(G) equals the number of 
loops with a vertex in U k . If h = #f/f is odd, then G G ^({-ff^^}) has 
at least one loop with a vertex of U k ; if U = ftU^ is odd, then G contains 
no loop with a vertex of U k . Therefore, q(r) is the minimum of the number 
of loops included in a spanning subgraph in K,({H k }jZi)' 

q(r) = min{g(G) | G G K{{H^}f^)}. (2.19) 

Let 1 < ji < j 2 < • ■ ■ < js <• s ( r ) (1 < s < s(r)) and io = 1, ■ • • , s. Because 
/C({fif ) }| =1 ) C ^({fT^}^), we have 

min{g(G) | G G K{{H^}^)} < min{g(G) | G G /C({^ } K =1 )}. (2.20) 
Indeed, the converse inequality of (I2.20p holds as well as the following: 
Lemma 2.7. Let 1 < j± < j'2 < • • • < j s < s(r) (1 < s < s(r)). Then 

. min min{g(G) | G G /C({iff ^J} = min{g(G) | G G /C({if^}ti)}- 

10=1, 2, ■■■ ,s 



Before proving Lemma 12.71 we complete the proof of Proposition 12.51 

Proof. We only require to prove the converse of the inequality (I2.18P . From 
Lemma 12.71 and (12.191) , we know that 

min min min{g(G) | G G lC({H { k jl) } s i=1 )} = q(r). 

s=l,--- ,s(r) l<ji<---<js<s(r) 
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Note that the set of all spanning subgraphs of G^ is 
\G a+ , G a _\ U 



U U n{H^}u) 

s=l l<ji<-<j„<s(r) 



Since the number of loops included in a spanning subgraph G equals the 
degree of Ag-i^ in A, we have 

inf{2m + * | A m ^ 0} > q{r). 

This completes the proof of Proposition 12.51 □ 

Proof of Lemma \2.T\ We prove the lemma for the case where s = s(r); the 
other case can be similarly proven. It suffices to prove that 

min{g(G) | G G lC{{H^} JHo )} > q{r). (2.21) 

If G G /C({^' ) } jWo )\/C({flf ) };2) J then G includes the loop with the vertex 
r + jo, because G does not include H jf° . Hence, we have 

where HJ? = HJ? (j ^ jo) and H% denotes the loop with vertex r + jo- 
Thus, we observe that 

min{g(G) | G G 1C{{H^}^)} = min{g(r), q (r)}, 

where 

g (r)=min{g(G)|GG/C({^ ) };L1)}. 
Therefore, (12.211) will be proven if the following holds: 

q (r) > q(r). (2.22) 

We will only prove (I2.22p for the case where 1 < jo < s(r); (12.221) can be 
proven in a similar manner for i = 1, s(r). The following cases are possible 

for G G K({H<p}+l): 

(i) There exists an ii such that ij — 1 G U^ 1 ' and ij Q + 1 G U^ ; 
(ii) There exists an %\ such that ij — 1 G H^°~ and ij + 1 G H^° ; 
(iii) There exists an i\ such that ij — 1 G U^ and ij a + 1 G H^° ; 
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(iv) There exists an i\ such that ij — 1 G Hjf° and ij + 1 G UJ? . 

We consider case (i) first. Since there is no cycle of length grater than 2, we 
need only consider the following three subcases: G G 1C({H\? }jl{) includes 
(a) the loop with the vertex ij G V(G), (b) the cycle with the vertices ij 
and ij — 1, and (c) the cycle with the vertices ij and ij + 1. If (a) holds, 
then so does the following: 

q{&) >2 + q(r). (2.23) 

Next, we consider the cases (b) and (c). We define 

'UJp, 1 < i < ii — 1, 

rf? ■= { Ul 1 U {z JO } U U?+\ z = z l5 



Ui i+1 \ i>ii + l. 



Then we have 



Let 



U k U{ ljQ }= |J U } 



p(r)-l 

(0 

A' 



g = #{^ } | #Lf is odd}. 
By an argument similar to the above, we can show that 

q(G)>q + l. (2.24) 

Let us calculate q. Since #C/^ 11 is odd if and only if both jj^U^ and #f/^ n 
are even or both are odd, we have 

1, if both #£/f ° and #f/^ 1+1) are odd, 
1, if both #L/f l} and #^ 1+1) are even, 
otherwise. 

From (j2.24p . we know that if (b) or (c) holds, then 

q(G) > q(r). (2.25) 

From (I2T231 and fl2T2~BD . we obtain (I2T221 for case (i). 

For case (ii), we observe that G G K,({Hj? }j={) includes the loop with 
the vertex ij . By an argument similar to the above, we have 

q(r) + 2 = q Q (r). 
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This establishes (j2.22p for case (ii). 

By an argument similar to the above, we know that in case (iii) G G 
KL{{H^ }j=|) must include include the cycle with vertices ij and ij — 1. We 
set 

fr(i) . [ U k\ i^h, 

and q = #{U$ \ #U® is odd }. Then q{G) >q + l holds. Since U%> is 



odd if and only if Uj: 1 is even, we have 



(<0 



q(r) + 1, if [/£ is even, 
^ g(r) - 1, if Ui h) is odd. 

This establishes (I2.22p for case (iii), and (I2.22p is proven for case (iv) holds 
in a similar manner. □ 



3 Spectrum 

In this section, we prove parts (1) and (2) of Theorem ll.il along with The- 
orem [T721 

3.1 Symmetry of the spectrum 

We first prove part (1) of Theorem ll.il Let A G &{Lg) \ {0}. It suffices to 
show that —A G a(La). From Proposition 12. 2\ A G ct(Lg) if and only if there 
exists a k G [— n, vr] such that (12. 2p holds. Hence, we have 

(r+s(r)-*)/2 

^ A m A 2m+ * = 2(cosA;)A s(r) 

m=0 

for some fc G [— 7T, 7r]. Then 

(r+s(r-)-*)/2 (r+s(r)-*)/2 

£ A m (-A) 2m +* = (-1)* £ A,A 2m+ * 

m=0 m=0 

= 2(-l) s M+*(cosfc)(-A) s(r) . (3.1) 

If s(r) + * is even, then (13. ip means that —A G cr(Z/). If s(r) + * is odd, then 

(r+a(r)-*)/2 

£ An(-A) 2m+ * = 2 COs(fc ± 7r)(-A)" r \ 

m=0 

which also implies that —A G ct(Lq). 
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3.2 Spectral gap 

Next, we prove part (2) of Theorem ll.il From part (1) of Theorem II .![ we 
know that p{Lq) is symmetric with respect to 0. It suffices to show that 

(0,e)Cp(L G ) (3.2) 

for some (possibly small) e > 0. From Propositions 12.21 and 12.51 we know 
that A G p(Lq) if and only if 

(r+s(r)-*)/2 

J2 A m \ 2m+ * ^ 2(cosk)\ s(r) for any k G [-ic,ir], (3.3) 

m=mo 

where m = (q(r) — *)/2. Suppose that A > 0. Then (13.31) is equivalent to 

'(r+«(r)-*)/2 \ 2 

m=mo I 

We first suppose that q(r) = 0. Then, from (a) of Lemma [2.61 we know 
that * = and the left hand side of (13. 4p is 

'(r+s(r)-*)/2 

V^ An^2m-s(r) j _ (J Q \~2s{r) _j_ Q^4-2s(r)\ 

m=0 

with C == (An /2) 2 = 1/4. Since s(r) > 1, this establishes (E3D for suffi- 
ciently small A > 0. 

Let us next assume that q(r) > 1. Then, from part (b) of Lemma 12. 6 1 it 
follows that the left hand side of (13.41) is 

'(r+«(r)-*)/2 \ 2 

V^ ^^m+^-ifr) j _ q \2q(r)-2s(r) + Q/^+2q(r)-2s(r)\ /g gN 

m=mo+l / 

with Ci = (y4 mo /2) 2 > 1. Since, by definition, g(r) < p(r) and p(r) < s(r), 
we know that g(r) < s(r). If g(r) = s(r), then the left hand side of (13. 5p is 
equal to C\ + 0(A 4 ). In this case, since C\ > 1, (13. 4 j) holds for sufficiently 
small A > 0. If g(r) < s(r), then, because 2q(r) — 2s(r) < —2 and Ci > 0, 
(13.41) holds for sufficiently small A > 0. Thus, (13.21) is proven. 
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3.3 Existence of the zero eigenvalue 

In this subsection, we prove Theorem 11.21 and Proposition 11.51 From Propo- 
sitions 12.21 and 12. 5[ we know that A is an eigenvalue of Lk if and only if 

X q{r) F(k, A) = 0, (3.6) 

where mo = {q(r) — *)/2 and 

(r+s(r)-*)/2 

F(k, A) = J2 A m \ 2( - m - mo) - 2(cos fc)A 8(r)_ * (r) 

m=mo 
(r+s{r)-q(r))/2 

J2 A m+mo \ 2m - 2(cosA0A'W-»M. (3.7) 

m=0 

From Lemma 12.61 we have 

F(k, 0) = A mo - 26 s ( r ), q (r) cos k ^ 0, k e [-vr, vr] , 

where 

Jl, if s(r) = g(r), 
«.(r),«(r) j Q5 ifs(r)>?(r) 

From [51 Theorem XIII. 85], we know that Lq has as an eigenvalue if and 
only if the Lebesgue measure of the set 

{k G [— 7T, 7r] I Lfc has as an eigenvalue} 

is positive. Hence, we observe that G ct p (Lg) is equivalent to q{r) > 1. 
Since g(r) > 1 if and only if j\JJ; h is odd for some i G {1,2, •■■ ,p(r)}, Theorem 
11.21 is proven. 

To prove (11.71) in Proposition 11.51 we review some basic facts. Let L be a 
self-adjoint operator on a Hilbert space £ and Ao an eigenvalue of L. Then 
the geometric multiplicity m g (Ao) = dimker(L — Ao) of Ao is equal to the 
algebraic multiplicity m a (Ao). If £ is a finite dimensional space and Aj are 
eigenvalues of L, then 

det(L - A) = JJ(A, - A) ma(Al) 

i 

(see [3j p. 42]). From this general fact, we know that ( II. 7p holds. 
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4 Band structure of the spectrum 

4.1 Band functions 

We consider the solution A = X(k) of 

F(M) = 0, (4.1) 

where F(k, A) is a polynomial of degree r + s(r) — q(r) as defined in (13. 7p . 
Let Aj(fc) (i = 1, • • • , r + s(r) — q(r)) be solutions of (14. ip and assume that 

Ai(/c) > X 2 (k) > ■ ■ - > A r+s(r )_ g(r .). 

Then 

r+s(r)—q(r) 

F(k, A) = A {r+s{r y q{r))/2 l[ (\(k) - A). (4.2) 

We also have the following lemmas: 

Lemma 4.1. Ai(0) = 1 and 

dimker(L - Ax(0)) = 1. 

Proof. From Lemma I2TTI L is a stochastic matrix. The well-known fact that 
the largest eigenvalue of a stochastic matrix is unique and equal to 1 yields 
the desired result. □ 

Lemma 4.2. Let Aj(fc) (i — 1, • • • ,r + s(r) — q(r)) be as described above. 
Then the following hold for i = 1, 2, • • • , r + s(r) — q(r): 

(1) For any k G (— 7r, 0) U (0, 7r), dimker(Lfc — Aj(fc)) = 1. In particular, we 
have 

Ai(A;) >A 2 (fc) >--->A r+8(r) _,( r) (A;), fc e (-tt,0) U (0,tt). (4.3) 

(2) For fc = 0, ±7T , dimker(L fc - Ai(ife)) < 2. 



We postpone the proof of Lemma 14.21 until the next subsection. 
Because we know, from (j3.7p . that F(ft, A) = F(—k, A), we have 

Ai(-fc) = Ai(A;), fce[-7r,7r]. (4.4) 

From (11.81) and (14. 4p . we have 

r+s(r)— g(r) 

a(L G )\{0}= |J {Ai(fc) | fee [0,tt]}. (4.5) 

8=1 

Therefore, we only require to study the behaviour of the solutions \i(k) for 

A;G [0,tt]. 
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Lemma 4.3. Let Aj(/c) (i — 1, • • ■ , r + s(r) — g(r)) be as described above. 
Then A,; is analytic in a region that includes (0, it) and is continuous in [0, it]. 

Proof. We first prove the first half of the lemma. From (14.21) and (14.31) . we 
have 

d 

— F(k,X)\x=X i {k) = -A(r+s(r)-q(r))/2Y[(Xj(k) - Aj(fc)) ^ 0, k 6 (0, ic) 

for % = 1, • • • , r + s(r) — g(r). Because F(k, \i(k)) = 0, we know from the 
implicit function theorem that Aj(fc) is a unique analytic function in a region 
which includes (0, 7r). 

We next prove the second half of the lemma. From Lemma [4. 2\ Aj(0) is 
a discrete eigenvalue of multiplicity at most 2. Because {£&}& is an analytic 
family in the sense of Kato for k near (see [3 Theorem XII. 13]), we know 
that Xi(k) is continuous at k — 0. The proof of the continuity at k = it is 
similar. □ 

Now let 

t(r) 



D(\)= l -Y j A m+mo \ 2m - s ^ + ^ } 



2 

m=0 

where t(r) is defined in (II. 9p . We observe that D(X) is an even (resp. odd) 
function if r is odd (resp. even), because s(r) — q(r) is even (resp. odd) if r is 
odd (resp. even). From (13. 7p and (14. ip . we know that A = X(k) is a solution 
of (I47TT) if and only if 

D(X(k)) = cos k. (4.6) 

Lemma 4.4. Let Xi(k) (i = 1, • • • ,r + s(r) — q(r)) be as described above. 
Then: 

(1) If r is even, 

X 2t (r)+i-i(k) = -Xi(k), fee [0,7r], z = 1, •■• ,t(r). 

(2) If r is odd, 

A 2 t( r )+i-i(A;) = -Aj(A;-7r), fce[0,7r], i = 1, ■ •• ,t(r). 

Proof. We first prove (i). Suppose that r is even. Because, as mentioned 
above, D(X) is an even function in this case, we have 

D(-Xi{k)) = cosk. 
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Hence, — Aj(fc) is also a solution of (I4.ip . From Lemma [4.21 we obtain the 
desired result. 

In the case where r is odd, from an argument similar to that mentioned 
above, we have 

D(—Xi(k — 7r)) = cosk. 

This proves (ii), again by Lemma [4.21 □ 

Next we present the 

Proof of Theorem \l.b\ Because, from (14. 6p . we have 

hie cos D(\i(k)) = k, ke[0,ir], 

we know that Xi(k) (i = 1,2, ••• , r + s(r) — q(r)) are strictly monotone 
functions in k G [0, tt]. From Lemma 14.31 we have 

{Ai(A;) \ke [0,tt]} = [a u bi] 

with Oj = min{Aj(0).Aj(7r)} and bi = max{A;(0).Aj(7r)}. Because we know 
from the first half of Theorem ll.il (2) and Lemma 14.41 that 

X t (r)(k) > a t(r ) > > & t (r)+l > \(r)+l(k), 

it follows from (14.51) and Lemma 14.41 once again that 

t(r) 

a(L G )\{0} = \J[a l ,b i ]U[-b l ,-a i ]. 

4 = 1 

From (I2.16p . we know that 

Let us first assume that t(r) is even. Then, from Lemma [2.61 we have 

lim A ->o D(X) = +oo if s(r) > q(r), 
\im\^ D(X) > 1 if s(r) = q(r). 



From Proposition ^. 2\ we have A t ^ +mo = A^ r+S ^_^y 2 > 0. Hence, we obtain 

Ai(vr), if z = 1,3, — ,t(r) - 1, 

_A,(0), ifz = 2,4,---,t(r), 

A<(0), if i = 1,3, ••• ,t(r)-l, 
Xi(n), ifi = 2,4,---,t(r). 
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In the case where t(r) is odd, we have 

lirriA^o D(X) = -oo if s(r) > g(r), 
\im\_> D(\) < — 1 ifs(r) = q(r). 

From an argument similar to that mentioned above, we know that 

Ai(vr), if z = 1,3, — ,t(r), 

A*(0), if z = 2,4,... ,t(r)-l, 

A«(0), ifi = l,3,---,t(r), 
Ai(7r), ifz = 2,4,--.,t(r)-l. 



6,: 



This completes the proof of the theorem. □ 

4.2 Absence of nonzero eigenvalues 

We now prove part (3) of Theorem ll.il From j5j Theorem XIII. 85], we may 
observe that A is an eigenvalue of Lq if and only if the Lebesgue measure of 
the set {k G [— it, it] | A is an eigenvalue of L k } is positive. Hence, it suffices 
to show that for any A G (t(Lg) \ {0}, the Lebesgue measure of 

E x = {ke [-k,k] \F(k,X) = 0} 

isO. 

Let us assume that Ao G <j(Lg)- Then we know, from (I4.5[) . that there 
exists an i such that A G {Aj(A;) | k G [0, %]}. Because A, is strictly monotone 
in [0,7r], there exists a k G [0,tt] such that A = \i(k ) and E\ = {±k }. 
Hence, the Lebesgue measure of E\ is 0, and part (3) of Theorem 11.11 is 
proven. 

4.3 Multiplicity 

We still have to prove Lemma [4.21 From (12.81) . we know that 

dimker(Lfc — A) = dimker Afe(A). 
By definition, we have 
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where A u == A n (k,\) E M r (C), A 21 == l A 12 E M s>r (C), A 22 E M S (C) and 

e~ ik \ 



A n {k,X) 



(-d x \ 1 

1 -d 2 \ '•• 









V 



jk o 



■■• 

'■-. '"-. o 

'••. '■•. 1 

1 -d r \) 



A 



22 



/-A ••• \ 

-A '•-. 

: *•.. *•.. o 

\o ■•• o -xj 

Here A X2 = (e*j) is given by 



e i,j 



1, i = i p J=p 
0, otherwise 

From direct calculation, we have 

A 12 A 21 = diag(<5i,- •• ,S r ), 

where 

<) 



1, 2 ip, p 1, • • • , S, 

0, otherwise. 



Henceforth, we assume that A ^0. Then A 22 has the inverse A^ 1 = A X I E 
M S (C). Hence, we obtain 



A l2 A 2 lA 2X = A 1 diag(5i, ■■■ ,5 r 



(4- 



(4.9) 



Let x = *(aJi, » 2 ) e C r ©C s . From (TCTD and (USD. we know that ^fc(A)# = 
if and only if 

AuXi = A _1 diag(<5i, ■ • • , S r )xi, 

x 2 = - A 22 A 2X X\. 

From (14.91) . we observe that 

dimker(An — A _1 diag(5i, • ■ ■ ,S r )) = dimker A k (\). 
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To prove Lemma 14.21 it therefor suffices to examine the dimension of the 
kernel of the matrix E := An — A _1 diag(#i, ■ • • ,5 r ). Let Exi = and 
X\ = \xi, ■■ ■ ,x r ) e C \ {0}. Then, from (T4~9]) . we have 

xi = e~ ik g r x r - e~ ik x r -i (4.10) 

x 2 — giXi — e~ lk x r (4-11) 

x i = \- 1 (8 i + d i - 1 \ 2 )x i - 1 -x i -2, 3<2<r, (4.12) 

where we have set gi = #j(A) := A _1 (<5i + di\ 2 ), i — 1, • • • , r. Because, from 
(14. lip and (14.121) . we can write 

_ (1) , (r) ■ _ -. 



for some q and q , we have 

X\ = X\Ci + x r c r (4-13) 

with C\ = t (c 1 , • • • , Cr ) and c r = t (c 1 , • • • , cf ). Hence, dimker i? < 2 
and part (2) of Lemma 14.21 is proven. 

Next we prove part (1) of the lemma. Let Xi (i — 1, ■ ■ • , r) be as described 
above. From (I4.12p . we know that 

Xr » W^ 2 ), (4.14) 



Jby — \ I \ Jb 1 

where 

/# r -i -l\ (g 2 -1 

We also have 

Lemma 4.5. The following holds: 



where T = (T 4 »•) is given by 



e ik I-T) [ Xl ) =0, (4.15) 



Til = 9l{9rKn - K 2 \) + g- r ^12 - if 



22- 



T 12 = -e- lk (g r K 11 -K. 
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T 2l ^e^( gi K n + K 12 ) 
T 22 = — ifn 

with if = (if^). 
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Proof. From (I4.10J) . we have 

x r _i = g r x r — e %k X\. (4.16) 

Substituting (T4TTJ) and (T4TT6D in (T4TT4J) . we obtain 

i. i) &)-*(? V )(::)■ ^ 

Several calculations establish (14.151) . D 

By (JHHD, we have 

(e ife -r n )x 1 -r 12 x r = 0, (4.18) 

- T 21 X! + {e lk - T 22 )x r = 0. (4.19) 

By definition, g^ (i = 1, ■ ■ • ,r) are real numbers, so are K t j, T n and T 22 . 
Assume that k G (— 7r,0) U (0, 7r). Then we have (e lk — T 22 ) ^ and, by 

dnnD, 

* = ^T- (4-20) 

e l/c - T 22 

If T 21 = 0, then giKu + i^ 12 = 0. Hence, we know from (14.171) that 

(1 + e- ik K u )x r = 0. 

Because 1 + e~ lk K n ^ 0, we have x r = 0. From (14.181) and the fact that 
e lk — Tu 7^ 0, we have x\ = 0. However, this contradicts Xi ^ 0. Thus, we 
know that T 21 ^ 0. From (fl~T3l and (O0|) . we have x 1 = Zi(ci + (e ifc - 
722) _1 72iC r ). This completes the proof of Lemma 14.51 

5 Two dimensional lattice 

In this section, we first form a class c S d id > 1) of graphs that are obtained 
from Z d by adding pendant edges in a manner similar to the way in which 
G G *$ is obtained from Z. We will say that G G c S d if G satisfies the 
following: 

(Gf ) {(n,0) G Z d x {0, 1} | n G Z d } C V^G) C Z d x {0, 1} and a vertex 
(n, 0) G 1/(G) is connected to (n ± 1, 0) G V(G). 

(G 2 ) If (n, 1) G V(G), then (n, 1) is an end vertex connected to (n, 0) and 
deg(n, 0) = 2d + 1. If (n, 1) £ V(G), then deg(n, 0) = 2d. 
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(G3 ) There exist vectors ai, ...,a<j G 1/ linearly independent (as vectors 
in W 1 ) such that (n + a±, 1), . . . , (n + a^, 1) G ^(G) if and only if 
(n,l)eV(G). 

It is clear that & l = ^ by definition. 

Let d = 2. We consider two graphs Gj = (V(Gj), E(Gj)) G ^ 2 (j = 1, 2) 
satisfying the condition that (n, 1) G V ((?_,) if and only if 



n = 



y^WjQ? , (m,n 2 ) e Z 2 



where af = (2, 0), a 2 1} = (0, 1), a^ = (2, 0) and a} ] = (1, 1) G Z 2 . Clearly, 
Gj satisfies the condition (Gjj ) with a,j = af . The following theorem 
reveals that the spectrum of graphs belonging to £f 2 is more complex than 
the spectrum of those belonging to < S X . 

Theorem 5.1. Let Gj G £f 2 (j = 1,2) be defined as above. Then: 

(a) L Gl has no spectral gap, i.e. a(L Gl ) = [—1,1]. 

(b) Lq 2 has a spectral gap, i.e. a(L G , 2 ) 7^ [—1,1]. 



Proof. By an argument similar to that in the proof of of Proposition 12. 2\ we 
observe that A G ^{Lq^) if and only if there exists a pair (k\, k-z) G [— 7r, vr] 2 
such that 

20A 3 - 18(cos A; 2 )A 2 - 2(3 - 2 cos 2 k 2 )\ + 2 cos k 2 - 2(cos fc^A = 0. (5.1) 

Let u = cos k\ and u = cos k 2 . Then we have 

2\v 2 + (1 - 9A 2 )w + A(10A 2 - u - 3) = 0. (5.2) 

We now consider a solution of the form A = v/a. In this case, ( 15. 2 p reduces 
to 

v{(2a - 5)(o - 2)w 2 - a 2 (n + 3 - a)} = (5.3) 

Let a = 2. Then, from ( 15. 3 p we observe that A = v/2 is the solution of (15. 2p 
for any v in the range — 1 < v < 1 if u = — 1. Hence we have [—1/2, 1/2] C 
ct(Lg' 1 ). Now let a = 1. It is easy to observe from (I5.3P that A = v is the 
solution of ( 15. 2 p whenever \v\ = \/{u + 2)/3. Since — 1 < u < 1, we have 
[-1, -1A/3] U [1/V3, 1] C a(L Gl ). Finally, let a = 1/2. Fro m (IP]) we can 
show that A = 2v is a solution of (15 .3p if \v\ = y/(2u + 5)/28. Hence we have 
[-v/7/12, -1/2] U [1/2, v/7/12] C <r(L Gl ). Thus, (a) is established. 
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Similarly to the proof of (a), we observe that A G a(L G2 ) if and only if 
there exists a pair (fci, k<i) G [— 7T, ti] 2 such that 

A {20A 2 - 6 - 4 cos k 2 - 4 cos 2 A; 2 -2(1 + 2 cos fc 2 ) cos fci} = 0. (5.4) 

We shall prove that A G p{L Gl ) if < A < l/\/5. We fix A G (0, l/\/5) and 
assume that Ao G o"(Lg- 1 ). Let w = cos/^ and t; = cos^- Then we know, 
from (15.41) . that there exist a pair (u,v) G [— 1, l] 2 such that 

2 / x 3 + u - 10A 2 
t; 2 + (1 + u)v + °- = 0. 

Because the above quadratic polynomial in v has a solution, its discriminant 
satisfies u 2 + 20Ag — 5 > 0. On the other hand, by assumption, we have 
u 2 + 20Aq — 5 < 0. This is a contradiction, and (b) is therefore proven. □ 
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